The unequal division model proposed for budding yeast (L. H. Hartwell and M. W. Unger, J. Cell Biol. 75:422-435, 1977) was tested by bud scar analyses of steady-state exponential batch cultures of Saccharomyces cerevisiae growing at 30°C at 19 different rates, which were obtained by altering the carbon source. The analyses involved counting the number of bud scars, determining the presence or absence of buds on at least 1,000 cells, and independently measuring the doubling times (T) by cell number increase. A number of assumptions in the model were tested and found to be in good agreement with the model. Maximum likelihood estimates of daughter cycle time (D), parent cycle time (P), and the budded phase (B) were obtained, and we concluded that asymmetrical division occurred at all growth rates tested (, 75 to 250 min). D, P, and B are all linearly related to , and D, P, and T converge to equality (symmetrical division) at T = 65 min. Expressions for the genealogical age distribution for asymmetrically dividing yeast cells were derived. The fraction of daughter cells in steady-state populations is e-&P, and the fraction of parent cells of age n (where n is the number of buds that a cell has produced) is (e-aP)n -'(1 -e-P)2, where a = ln2/T; thus, the distribution changes with growth rate. The frequency of cells with different numbers of bud scars (i.e., different genealogical ages) was determined for all growth rates, and the observed distribution changed with the growth rate in the manner predicted. In this haploid strain new buds formed adjacent to the previous buds in a regular pattern, but at slower growth rates the pattern was more irregular. The median volume of the cells and the volume at start in the cell cycle both increased at faster growth rates. The implications of these findings for the control of the cell cycle are discussed.
The unequal division model proposed for budding yeast (L. H. Hartwell and M. W. Unger, J. Cell Biol. 75: [422] [423] [424] [425] [426] [427] [428] [429] [430] [431] [432] [433] [434] [435] 1977) was tested by bud scar analyses of steady-state exponential batch cultures of Saccharomyces cerevisiae growing at 30°C at 19 different rates, which were obtained by altering the carbon source. The analyses involved counting the number of bud scars, determining the presence or absence of buds on at least 1,000 cells, and independently measuring the doubling times (T) by cell number increase. A number of assumptions in the model were tested and found to be in good agreement with the model. Maximum likelihood estimates of daughter cycle time (D), parent cycle time (P), and the budded phase (B) were obtained, and we concluded that asymmetrical division occurred at all growth rates tested (, 75 to 250 min). D, P, and B are all linearly related to , and D, P, and T converge to equality (symmetrical division) at T = 65 min. Expressions for the genealogical age distribution for asymmetrically dividing yeast cells were derived. The fraction of daughter cells in steady-state populations is e-&P, and the fraction of parent cells of age n (where n is the number of buds that a cell has produced) is (e-aP)n -'(1 -e-P)2, where a = ln2/T; thus, the distribution changes with growth rate. The frequency of cells with different numbers of bud scars (i.e., different genealogical ages) was determined for all growth rates, and the observed distribution changed with the growth rate in the manner predicted. In this haploid strain new buds formed adjacent to the previous buds in a regular pattern, but at slower growth rates the pattern was more irregular. The median volume of the cells and the volume at start in the cell cycle both increased at faster growth rates. The implications of these findings for the control of the cell cycle are discussed.
Most cells reproduce by symmetrical binary fission, each cell producing two daughter cells of equal size whose cycle times are (on average) the same as each other and their parent cell. The division of a budding yeast is asymmetrical, giving two cells, one of which is the old (parent) cell and one of which is the new (daughter) cell. At all growth rates the daughter cell immediately after division is always smaller than the parent cell. As the growth rate decreases, this difference in size becomes more accentuated (2, 7, 12, 15, 17, 32, 33) . Under steady-state conditions the cycle time of daughter cells is always longer than that of parent cells at all except maximum growth rates (5, 7, 8, 12, 15, 17, 32) . The difference in cycle times also becomes more accentuated as the growth rate decreases. These facts concerning budding yeasts have been known for several years, but it was not until it was shown that cells need to attain a critical size in order to initiate the DNA division cycle that a formal model to explain the observations could be presented (19) . With more evidence from time-lapse photomicroscopy, Hartwell and Unger (12) developed the model further (referred to below as the Hartwell-Unger model). The model states that as the growth rate decreases, daughters are born at a smaller size and therefore require a longer period of growth before reaching the critical size necessary for initiation of the DNA division cycle (at start in the cycle). Hartwell and Unger also derived the age distribution for asymmetrically dividing cells in an asynchronous steady-state culture, which should be compared with the age distribution derived for symmetrically dividing cells (34) . The latter would only apply for budding yeasts at their maximum balanced growth rate (tlbmax), when daughters would be born at the critical size and thus commence the DNA division cycle immediately. In this case the daughter cycle time (D) would be the same as the parent cycle time (P), and each would be equal to the population doubling time (X) (i.e., D = P = ). This is easily seen by substituting T for D and P in the age distribution equation for unequally dividing cells (see Appendix, equation 3). Hartwell and Unger derived the relationship between D, P, and T. The measurements of D, P, and T which they obtained from time-lapse photomicroscopy clearly fitted the relationship. These equations allow quantitative estimates to be made about 808 the cell cycle from cell population data.
When yeast cells bud, a ring of chitin builds up at the bud isthmus (14) . This chitin ring remains on the parent cell after the bud (newborn daughter cell) has separated from the parent, and it is then termed a bud scar. Bud scars on intact cells can be visualized by fluorescence microscopy, using fluorescent stains (14, 28) . It is therefore possible to ascertain the age of a cell in terms of how many cycles it has passed through from the number of bud scars it possesses. We call this age the genealogical age because it indicates that yeast populations contain several morphologically distinct generations of cells. A cell with no bud scar (a daughter cell) has not completed a cycle, belongs to the youngest generation, and is of genealogical age 0. A cell with one bud scar has completed one cycle, belongs to the next youngest generation, and is of genealogical age 1, and so on.
To assess the general applicability of the Hartwell-Unger model to studies on the yeast cell cycle, we needed to determine how the quantitative predictions of the model compared with experimental observations. We chose two ways of testing the model. The first was to obtain estimates of D, P, and the budded phase (B) from the frequency of budded and unbudded parents and daughters and determine whether they fitted the constraints of the model. The second was to see how the genealogical age distribution varied with the growth rate. If budding yeast divided symmetrically, the fractions of cells of the different genealogical ages would form a geometric series. In this case there would be one-half as many cells of genealogical age n + 1 as there would be cells of age n (since the fraction of cells of age n is given by [½1/2]" +, where n = 0, 1, 2, etc.), and this would be true at all growth rates (34) . We derived the genealogical age distribution for asymmetrically dividing cells (see Appendix). For the fraction of daughters (age n = 0), this is e-aP, where a is the specific growth rate of the population, and for the fraction of cells of genealogical age n (n = 1, 2, 3, etc.), it is (e "P)n -'(1 -e aP). Only the fractions of cells of genealogical age 1 Media. The compositions of the two basal media used were as described previously (30) . Yeast extract peptone and Edinburgh minimal medium both contained 20 g of a carbon source per liter. All media (see Table 1 ) were filtered through microfilters to give particle-free solutions and were sterilized by autoclaving, except for the vitamin constituent of Edinburgh minimal medium, which was filter sterilized.
Growth conditions. Cells were grown with shaking at 30°C in 100 ml of medium in 250-ml Erlenmeyer flasks. Samples were taken periodically. Each sample was fixed with a solution containing 0.9% NaCl and 4% formaldehyde and briefly sonicated to disperse clumped cells. Growth was determined by total cell count.
Cell counts and volume. Cell counts and volume were determined by using a model 111 LTS Electrozone/Celloscope (Particle Data Inc., Elmhurst, Ill.) fitted with a 60-,um orifice tube. Cell volume distributions were obtained by using a Nuclear Data model 1100 Analyser System (Nuclear Data Inc., Palatine, Ill.) coupled to a Hewlett-Packard X-Y plotter (Hewlett-Packard Inc., Pasadena, Calif.). Median cell volumes were obtained from the peaks of the normal distributions of volumes (on a log scale). The equipment was calibrated by using standard 5.7-,m-diameter latex spheres (Dow Chemical Co.).
Bud scar analysis. Bud scar analysis was carried out on samples of cells which were in the midexponential phase of growth. Cell suspensions were concentrated by either (i) centrifugation at 6,000 rpm for 15 min in a Measuring and Scientific Equipment bench centrifuge or (ii) collection on a microfilter; after the cells were concentrated, they were resuspended in 0.5 to 1 ml of medium. These suspensions were stained with a 2-mg/ml solution of calcofluor (a gift from J. Peberdy). The cells were observed at x1,250 by using incident UV light with appropriate filters and a Leitz Orthoplan phase-contrast microscope. The number of cells in each of the following cell categories was determined: (i) unbudded daughters, (ii) budded daughters, (iii) unbudded parents with n scars, and (iv) budded parents with n scars, where n took a value between 1 and 17.
The numbers of budded cells and total scars also followed from these data. The fluorescence observed at the bud isthmus on a budded cell was not counted as a scar. At least 1,000 cells were scored in each experiment.
RESULTS
Asymmetrical age distribution. Relationships for the relative frequencies of cell types can be found directly from the expression describing the age distribution derived by Hartwell This program uses the number of unbudded daughters, the number of unbudded parents, the number of budded cells, and the total number of scars, from which FDB and FPB are calculated (Table 1) . To begin the program, rough estimates of P and B are entered, which are calculated as described in the Appendix (equations 8 and 4, respectively). The estimates obtained are dimensionless and are expressed in units of T. Cell cycle parameters. Maximum likelihood estimates of D, P, and B are shown in Fig. 1 as functions of T. Each parameter increases linearly with T. The empirical relationship between each parameter and T was determined by linear regression ( Table 2 ). The curves of D versus T and P versus T are very good fits to the data, as is obvious from the coefficients of determination.
As stated above, the age distribution for asymmetrically dividing cells should become the same as that for symmetrically dividing cells at the tLbmax, when D = P = T. By extrapolation, the curves of D versus T and P versus T intercept when D = P = 65.1 min and T = 65.9 min. Therefore, the tLbmax for this strain should be achieved when T is about 65 min.
The interval from the birth of a parent to bud emergence (the P-B period) also has a linear relationship to T.
Genealogical age distribution. The age dis- Table 1 . The straight lines were fitted by linear regression (see Table 2 ). Symbols: 0, D; 0, P; A, B; , duration ofP-B period. The P-B period is the time from birth of the parent to bud emergence. tribution of budding yeasts can be divided into several component parts ( Fig. 2 and Appendix). The area of an individual part represents the relative frequency of cells of a particular genealogical age. The fraction of cells of each age should vary with growth rate since the fraction is a function of P and T. Figure 3 shows the predicted variation in the percentages of cells of different genealogical ages with , when equations 9 and 14 (see Appendix) and P = 0.62T + 24 (Table 2) were used.
Genealogical age distribution at different growth rates. Table 3 shows the values obtained in these experiments for the percentages of cells of the different ages. Figure 4 shows the 1 (Table 3) . To determine whether this was a random effect or whether the frequencies of some age classes showed a systematic departure from expectation, a "box and whiskers" plot (29) for each age class was constructed (Fig. 5) . This method of analysis revealed information which would otherwise have been obscured by conventional statistical procedures. Two conclusions are apparent from the plot. First, although there is obvious scatter, the data do follow the general trend predicted from the model extremely well (the median values are close to zero). Second, there is an excess of daughters and fewer cells of genealogical age greater than 4.
Pattern of budding. The formation of buds in a regular spiral sequence from one pole of the cell to the other has been described previously (27) (Fig. 6) consequence of which is that daughter cells have a cycle time different from that of parent cells.
In formulating their model and deriving cell age distribution equations, Hartwell and Unger made the following assumptions: (i) the population was asynchronous and growing exponentially; (ii) all parents had the same cycle time (P); (iii) all daughters had the same cycle time (D); and (iv) D > P. Implicitly, it was also assumed that (v) all cells had the same budded period (B), (vi) that P > B, and (vii) that all cells were immortal.
Let us consider these points separately. Assumption i was satisfied in our experiments since cells were growing exponentially, as judged by increases in cell numbers, both before and after sampling for bud scar analysis.
Assumptions ii and iii are clearly false, since considerable cycle time variability has been shown for both parents and daughters (12, 25 Assumption iv is supported by a large body of evidence, both qualitative and quantitative, and is confirmed in this study since FD> 0.5.
Since we have evidence that P is constant for cells of different ages, we can test assumption v by looking at the ratio of budded parents to total parents at each genealogical age. Since this value varies with growth rate, we calculated the fraction of budded parents at each age for each growth rate (FpB.) and subtracted this value from the mean value (FPB) of the five age groups PI to P4 and P>4 at that growth rate. Table 4 shows the median difference for each age group for all 19 We are thus justified in using the maximum likelihood method to obtain the best estimates of D, P, and B subject to the constraints and assumptions i to vii described above. Figure 1 clearly shows the direct linear relationships of D, P, and B to T. A similar conclusion was reached previously on the basis of a more limited sample analyzed by time-lapse photomicroscopy (12) . There is good quantitative agreement between the two sets of data, even though different strains, temperatures, and methods to vary the growth rate were used (Table 2) . Qualitatively similar results have also been obtained from bud scar analyses of chemostat-grown cells (7) .
Our results confirm the view that division is asymmetric at all growth rates tested and that the ratio of D to P increases at slower growth rates, such that at T = 250 min, parents are cycling twice as fast as daughters.
Start has been defined as the stage of commitment in the cell cycle and is detectable as the point of arrest after nutrient limitation or after mating pheromone treatment and the location of the temperature-sensitive cdc28 step (11) .
Attainment of a critical cell size has also been postulated .as a prerequisite for traverse of start (19) . The precise temporal location of start is more uncertain. One study (16) has shown that the a-factor-sensitive and cdc28 temperaturesensitive steps occur at about the same time and at a constant period before division over a range of growth rates, suggesting an increasing interval between birth of a parent and start at slower growth rates. A similar study on the a-factorsensitive step came to the same conclusion and seems to be correct, even though the data were incorrectly calculated and presented (12; L. H. Hartwell, personal communication). However, since the effect on the cell cycle of cycloheximide (used for altering the growth rate) has not been determined, some caution should be exercised in interpreting these results. Two other studies (1, 26) conclude that the initiation of DNA synthesis (I) and bud emergence occur at approximately the same time (one indicating I before bud emergence [26] and the other indicating bud emergence before I [1] ). Although start is presumed to occur shortly before both of these events (11) , the studies are of limited value since neither P nor start was directly monitored.
A contrary view, that there may be a substantial interval between start and bud emergence (but not necessarily between start and I), comes from a number of different experiments in which 8 measurements of I, 3 measurements of F (the a-factor-sensitive step), and 12 measurements of bud emergence were made over a range of growth rates (C. Rivin, Ph.D. thesis, University of Washington, Seattle, 1978). The I and F occurred at about the same time, but the period from I or F to bud emergence (the I,F-B period) varied from 30 min at T = 100 min to 150 min at T= 400 min (I/F-B = 0.43T-23), a relationship very similar to our data on the P-B period. We also suggest that start occurs at, or shortly after, P in the cycle. To initiate the cell cycle, all daughters have to attain the critical size. After this and during B, a budded cell remains the same size or even increases in size. After division therefore, the parent cell is born at a size at or above the critical size and thus can reenter the cycle immediately at start. The P-B period is thus poststart, and preparation for bud emergence is one of the processes during this interval.
If, as we suggest, start and P are contemporaneous, then a size control is both a necessary and a sufficient cause for initiation of the cycle in parent cells growing under balanced growth conditions in the absence of mating pheromone. If, however, start occurs shortly before bud emergence, then the P-B period is essentially prestart, and it raises the question of what control, in addition to the necessary but insufficient size control, prevents parent cells from traversing start soon after their birth. (If a cell needs to have completed a cycle before a new one is initiated, one possibility is that the end of a cycle occurs not at division but during the following unbudded phase.) Although I for parents occurs shortly after start, B may be delayed. It is possible that bud emergence is an event conditional upon start, but there may be a second, temporal control on its timing.
The P period corresponds to the time from the start of the cell cycle to division. It is thus analogous to the C + D period of bacteria (24) , but differs in that it increases in duration as the growth rate decreases. Similarly, the budded period, sometimes thought to be invariant (20) , also shows a consistent increase in duration (0.18 min for each 1-min increase in ). This increase is apparent in all the published data, the magnitude varying with strain and experiment. Previously, the cells from which our clone was isolated have shown an increase of 0.5 min/min of T under apparently identical conditions (30) . The time from birth to bud initiation also increases in duration to such an extent that 50% of the parent cycle is unbudded at T = 250 min, compared with 16% at T = 75 min.
Extrapolating beyond the limits of the data can be misleading but focuses our attention on some of the logic of the control of cell division. D = P = T at 65 min; thus, tlbmax is 0.64 h-1 for balanced growth. At mass doubling times faster than this, the equations imply that the time required for P is greater than that available. Growth would thus be unbalanced, population doubling time and D would equal P, and daughters would be born at a size greater than the initiation volume (Vp). Cells would be growing faster than they could divide, and the mean cell size of the population would increase. The equations also imply that when B and the population doubling time (now P) are equal (about 50 min), the whole of the parent and daughter cycle is budded. At growth rates faster than this, it is implied that there is insufficient time for a budded cycle. To overcome this, a cell may form a second bud before the first bud separates. Hypertrophism (or abnormally rapid growth rates) has been achieved in a two-stage fermentor with the yeast Candida utilis (31) . Interestingly, at a T of less than 1 h both unbalanced growth and secondary bud formation were observed, and similar results have been achieved with S. cerevisiae in chemostat cultures (P. Thompson and A. E. Wheals, unpublished data).
Several authors have noted that in populations of budding yeasts, as the growth rate decreased, the fraction of daughter cells increased (2-4, 7, 15, 32) . Beran and co-workers (2) (3) (4) have also shown that the fractions of cells of different genealogical ages vary with the growth rate. An explanation of this was attempted by Gani and Saunders (10) , who assumed that budding yeasts divided symmetrically. They tested the hypoth- VOL. 142, 1980 esis that the results were due to differences in birth rates of daughter and parent cells. Buds on haploid cells of most S. cerevisiae strains are formed in a highly ordered sequence. The first bud is formed at the same pole as the birth scar (9, 27) , and successive buds are formed adjacently in rows, rings, or spirals (27) . The cells used in these experiments formed buds predominantly in a precise spiral sequence (evident on cells with many bud scars). It would be of interest to know how a cell, in order to achieve such ordered sequences, determines the sites of budding. A clue is provided by the behavior during the cell cycle of the spindle pole body (SPB), which is embedded in the nuclear membrane (6) . Duplication of the SPB appears to be a prerequisite for bud emergence. The duplicated SPB is orientated toward the emerging bud, and cytoplasmic microtubules extend from the duplicated SPB to the base of the emerging bud. Immediately after division the SPB is orientated toward the pole opposite the bud scar in the mother cell and opposite the birth scar in the daughter cell (21) . If the site of budding is determined by the position of the SPB, then buds should be born alternately at opposite poles of the cell. Because buds are formed adjacently, the SPB must reorient after each division in a precisely controlled manner to become aligned with the previous site ofbudding. At slow growth rates (r = 400 min) buds are formed in a less ordered sequence, which is similar to the sequence on diploid cells (13, 23, 27) , so the precision of the control may be lost under these circumstances.
The median size of the cells varied with the growth rate (Fig. 6) , as was observed previously (30) , although in this study the variation in size was not as dramatic, the largest cells being 1.9 times the size of the smallest cells. It was possible to calculate the size of a cell at time-P (Vp) (i.e., close to start) in the cycle from the data by using equation 15. The volume increased with the growth rate, the greatest increase occurring at fast growth rates, as was found previously (30) . (We incorrectly stated [30] that the mean cell volume had been measured, whereas the median cell volume had been measured. We recalculated VP from the data of reference 30 by using equation 15 and found that the recalculated values of Vp were only slightly different [less than 4%]; thus, none of the previous conclusions was invalidated.) Direct measurements of cells of a different strain which had just initiated budding have shown that the volume of a cell at bud emergence increases with increasing growth rate (18) . The magnitude of the increase is such that this would occur primarily as a consequence of the increase in Vp. A comparison of strain S288C/1 with the parent strain studied previously (30) shows that (i) the duration of B has a different relationship to r, and (ii) Vp is smaller at all growth rates. Clearly, the strain has changed in some respects; nevertheless, all of the changes are quantitative rather than qualitative.
These results emphasize the necessity for analyzing yeast populations in terms ofthe unequal division model. The conceptual, experimental, and mathematical bases of this asymmetry have now been presented (12, 19, 30) and should allow a more precise interpretation of population experiments.
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APPENDIX The following equations depend upon assumptions i to vii described in the text and follow from the arguments of Hartwell and Unger (12) .
Cell age distribution. The expression describing the age distribution derived by Hartwell and Unger (12) .-
By similar reasoning it can be shown that p ln[(FB/FPB) + The frequency of cells which are budding for the first time at division (i.e., frequency of budded daughters at t = 0) is (from equation 5) a (1 -e-aP). Immediately after division these cells give rise to unbudded daughters which enter the cycle at D and unbudded parents with one bud scar which enter the cycle at P. Therefore, at P in the cycle the frequency of parent cells with one bud scar is a(1 -ea-P). From equation 6 the frequency of parent cells at P is a. Therefore, at this point in the cycle the fraction of the parent cells which have one bud scar is (1-ea' ). This fraction is maintained as the cells pass from t = P to t = 0 in the cycle. It follows that the distribution of P, cells (parent cells with one bud scar) is fP aea e a(1 -e-d=FP (10) The frequency of P2 cells at t = P is the same as that of P1 cells at t = 0 and from equation 10 is ae-aP(1 -eaP). The fraction of the parent cells which have two bud scars, therefore, is e-ap(1 -eaP). Thus, the distribution of P2 cells is f ae"t(e-aP)2(1 -Cap)& = FP2 (11) The distribution of P(3) cells is found by similar reasoning and is f aea'(e-P)3(1 -e-P)dt = FP3 (12) It is obvious from equations 10 through 12 that the general formula for the distribution of P, cells, where n = 1, 2, 3, etc., is f aeat(e-aP)n(l-eap)dt = Fpn (13) The general formula for the fraction of P. cells, from equation 13 , is Fpn = (eaP)n1(1 -eaP)2 = Fpn (14) At /Lbx, when P = T, equation 14 (15) .
